Supplementary Material for Improving
Constraint-Based Causal Discovery from Moralized
Graphs

The supplementary materials contain 1) pseudocode for the connected neighbors and triangle methods,
2) SHD of each algorithm across different experimental conditions 3) Adjacency and Orientation
precision-recall curves, and 4) Runtime of each algorithm (measured as wall clock time in millisec-
onds) across different experimental conditions.

Algorithm 1: buildTriangleSet

Input :An undirected moralized graph G = (V, E)
Qutput : triangleEdges, triangleSets, Tri, CN
triangleEdges = () of edges;
triangleSets = Empty Map(node — set of nodes);
Tri = Empty Map(edge (X-Y) — Tri(x) and Tri(Y));
CN = Empty Map(edge (X-Y) — CN(X,Y) and CN(Y,X));
for edge e in E do
if CN does not contain e then

| Initialize CN for e;
end
if rriangleEdges does not contain e then
x =nodel of e;
y =node2 of e;
Initialize Tri(x) and Tri(y) if they don’t already exist;
for every node n that is a neighbor of x and y do
Add edges x-y, x-n, and y-n to triangleEdges;
Add y and n to triangleSets[x];
Add y and x to triangleSets[z];
Add x and n to triangleSets[y];
Tri[e] = triangleSets[x] and triangleSets[y];
Tri[x-n] = triangleSets[x] and triangleSets[n];
Tri[y-n] = triangleSets[y] and triangleSets[n];
end

end
end
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Algorithm 2: buildConnectedNeighborsSet

Input :An undirected moralized graph G = (V, E), triangleEdges, triangleSets, Tri, CN
Output :CN
for edge e in triangleEdges do
x =nodel of e;
y =node2 of e;
for every node z that is a neighbor of x but is not in Tri(x) do
for every node q that is a neighbor of y do

if z,q are independent conditioned on x,y then

| Addzto CN(x,y);

end

end

end
for every node z that is a neighbor of y but is not in Tri(y) do
for every node q that is a neighbor of x do

if z,q are independent conditioned on y,x then

| Add zto CN(y,x);
end
end
end
end
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Figure S1: Average SHD across 50 graphs with 100 variables, 100 samples, and node degree 2 at
different alpha/lambda pairs.
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Figure S2: Average SHD across 50 graphs with 100 variables, 500 samples, and node degree 2 at
different alpha/lambda pairs.
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Figure S3: Average SHD across 50 graphs with 100 variables, 5000 samples, and node degree 2 at
different alpha/lambda pairs.
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Figure S4: Average SHD across 50 graphs with 100 variables, 100 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S5: Average SHD across 50 graphs with 100 variables, 500 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S6: Average SHD across 50 graphs with 100 variables, 5000 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S7: Average SHD across 50 graphs with 100 variables, 100 samples, and node degree 6 at
different alpha/lambda pairs.



500~ 500 - a18

400- 327 317 319321 316 317 319 315 316 315 312 313 312 310 310 400~
300- 300~
200~ 200~
100- 100-

.:nn 5 500-

400- 328 318 320 322 317 318 320 316 317 316 313 314 312311 311 400~

300~ p 300 7
=

200- 200

100— 100~

0-

Algorithm 500- 5001

400- 331321323324 319 320 321 318 319316 314 315 312 311 312 400~ a
. o 500 300 - Algarithm
T P: =3
B rostavie @ 200- I roes
100 =
. Triangle

JUU’
400 - 334 324 326 327 321 323 323 320 321 318 316 317 313313 313

300~
200~
100=
.:UD‘
400~ 336 327 329 320 323 325 324 321 322 319 318 318 314 314 314
2 - . - . .

200-
Lam hda

031
50

Lo0'0

100
SHD

S00

Lo

Figure S8: Average SHD across 50 graphs with 100 variables, 500 samples, and node degree 6 at
different alpha/lambda pairs.
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Figure S9: Average SHD across 50 graphs with 100 variables, 5000 samples, and node degree 6 at
different alpha/lambda pairs.
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Figure S10: Average SHD across 50 graphs with 50 variables, 100 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S11: Average SHD across 50 graphs with 50 variables, 500 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S12: Average SHD across 50 graphs with 50 variables, 5000 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S13: Average SHD across 50 graphs with 500 variables, 100 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S14: Average SHD across 50 graphs with 500 variables, 500 samples, and node degree 4 at
different alpha/lambda pairs.
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Figure S15: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 2, 100 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.



\‘ Algorithm
084 | oN
.\ == FGES
J =+~ PCStable
Triangle
\ | Discounts
v 0§
g o
é * 2
2 064 e 2
8
Lambdas
° 02
& 03
+ 04
x 08
© 08

0.00 0.25 050
Recall

Figure S16: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 2, 500 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S17: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 2, 5000 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S18: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 4, 100 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S19: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 4, 500 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S20: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 4, 5000 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S21: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 6, 100 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S22: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 6, 500 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S23: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 6, 5000 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S24: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (50 variables, degree 4, 100 samples) at each lambda (0.2, 0.3, 0.4, 0.6,

0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S25: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (50 variables, degree 4, 500 samples) at each lambda (0.2, 0.3, 0.4, 0.6,

0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S26: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (50 variables, degree 4, 5000 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S27: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (500 variables, degree 4, 100 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S28: Orientation precision recall curve where each point represents the average precision/recall
values across all 50 graphs (500 variables, degree 4, 500 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S29: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 2, 100 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S30: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 2, 500 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S31: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 2, 5000 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S32: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 6, 100 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S33: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 6, 500 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S34: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (100 variables, degree 6, 5000 samples) at each lambda (0.2, 0.3, 0.4,
0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S35: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (50 variables, degree 4, 100 samples) at each lambda (0.2, 0.3, 0.4, 0.6,
0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S36: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (50 variables, degree 4, 500 samples) at each lambda (0.2, 0.3, 0.4, 0.6,

0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S37: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (50 variables, degree 4, 5000 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S38: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (500 variables, degree 4, 100 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S39: Adjacency precision recall curve where each point represents the average precision/recall
values across all 50 graphs (500 variables, degree 4, 500 samples) at each lambda (0.2, 0.3, 0.4,

0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair for PC-Stable, CN, and Triangle vs each penalty
discount (0.5, 1, 2, 4, 8) for FGES.
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Figure S40: Runtime results with 100 variable ground truth DAGs, node degree of 2, and sample size
of 100.
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Figure S41: Runtime results with 100 variable ground truth DAGs, node degree of 2, and sample size
of 5000.
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Figure S42: Runtime results with 100 variable ground truth DAGs, node degree of 6, and sample size

of 100.

Figure S43: Runtime results with 100 variable ground truth DAGs, node degree of 6, and sample size

of 5000.
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Figure S44: Runtime results with 50 variable ground truth DAGs, node degree of 4, and sample size
of 100.
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Figure S45: Runtime results with 50 variable ground truth DAGs, node degree of 4, and sample size
of 500.
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Figure S46: Runtime results with 50 variable ground truth DAGs, node degree of 4, and sample size
of 5000.
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Figure S47: Runtime results with 500 variable ground truth DAGs, node degree of 4, and sample size
of 100.
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Figure S48: Runtime results with 500 variable ground truth DAGs, node degree of 4, and sample size
of 500.



