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Abstract

There are many causal discovery methods that can learn a directed graph from
mixed, observational data, including the popular PC-Stable. However, PC-Stable
learns the directed graph by performing conditional independence tests on all
variables. New more efficient methods for constraint-based causal learning use
intermediate steps (e.g., learning of the moralized graph first) that can reduce the
overall execution time. We present new causal discovery algorithms, Triangle
and Connected Neighbors (CN), that improve the efficiency of PC-Stable. These
algorithms first calculate the moralized graph from mixed data. Then, Triangle
only looks at a subset of edges in the graph for removal before orienting the
edges. CN extends the Triangle method via a novel, efficient method to choose
which conditional independence tests to perform. The CN approach increases the
efficiency of PC-Stable by reducing the number of conditional independence tests
performed. The most significant runtime improvements are seen with CN in dense
graphs, with minimal losses in adjacency and orientation precision and recall.

1 Introduction

1.1 Background

Causal graphical models (CGMs)[8), [18]] are a key tool for modelling systems across many fields
[, 1104 124 [7]. These models provide a straightforward but mathematically robust representation of
the system that can be interpreted as probabilistic information and causal inferences about the data.

A typical CGM consists of a directed acyclic graph (DAG) or a collection of DAGs (a Partially
Directed Acyclic Graph, PDAG, or Pattern [[19]]) whose directed edges (X — Y) represent a cause-
effect relationship between the parent X and child Y. This generative model explains how each
variable takes on its value, and can predict the result of interventions on individual variables. CGMs
can determine the true causal relationships through observational data without experimentation.
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Methods for learning DAGs fall into two groups: score-based and constraint-based [20]. The most
popular score-based approach is the Greedy Equivalence Search (GES) [4] and its parallelized version,
the Fast Greedy Equivalence Search (FGES) [14]]. FGES uses a likelihood-based score (e.g., Bayesian
Information Criterion) to test whether single edge insertions, deletions, or directionality changes
improve the fit of the model, subject to a penalty on the number of parameters. Constraint-based
approaches start with a fully connected graph and perform conditional independence tests to remove
non-causal edges between variables and orient the rest. Constraint-based algorithms, such as PC[19]]
and its modifications (e.g., PC-Stable [5]], Conservative-PC [[13], are well studied and have been
shown to produce accurate results [6]. However, they generally do not scale efficiently. Here, we
focus on improving runtime efficiency of constraint-based causal discovery.

PC-Stable has exponential time complexity to the number of variables in the graph. In mixed datasets
with continuous and discrete variables, this growth pattern can be a critical bottleneck. A promising
solution is to efficiently learn an undirected (moralized) graph of conditional dependence relations.
Mixed graphical models (MGMs) calculate an undirected graph from mixed data [9} [17]. The
moralized graph, in principle, contains a superset of the edges of the true graph (shielded colliders).
The extra edges can then be removed by local causal searches. As we will show, PC-Stable is effective
at removing these edges but is unnecessarily inefficient when the moralized, undirected graph is
known. This becomes increasingly problematic if the underlying causal graph is dense.

This paper addresses this problem by proposing a new constraint-based method for causal discovery,
Connected Neighbors (CN), that uses the aforementioned properties of moralized graphs to reduce
the number of independence tests needed to learn the directed graph. The efficiency and accuracy
of this algorithm is compared to that of PC-Stable as well as FGES with a score suitable for mixed
datasets (Degenerate Gaussian Score [2]). We test these methods on datasets of varying sample size
and density to characterize the relative performance of these approaches.

1.2 Preliminaries

Definition 1.2.1 The adjacency set for a node X in a graph G = (V, E) denoted as Adj(X, G) is
the set of nodes Y such that VY € Y,Y # X andtheedge (X —Y) € E

Definition 1.2.2 A first neighbor or neighbor of a node X in a graph G = (V, E) is any variable
Y such that Y € Adj(X,G)

Definition 1.2.3 A parent of a node X in a DAG G = (V,E) is any variable V' such that
V — X € E. The set of all parents of X in G is denoted Pa(X, G)

Definition 1.2.4 A moralized graph of a DAG G = (V, E) is an undirected graph H = (V,E*),
where

()VX,Y e V, X € Adj(Y,G) implies X € Adj(Y, H)

VX, Y, ZeV,IfX Y cEandZ - Y € Eand X ¢ Adj(Z,G) then X € Adj(Z, H)

The following definitions are necessary to understand the proof of correctness of the connected
neighbors algorithm. We refer the reader to [[19] for more details.

Definition 1.2.5 An active path in a DAG G = (V, E) between variables X and Y given set S is
a set of variables V7, ..., Vv such that

1. X:VlandY:VN

3.Vi>1IfV,_y — V;and V;;; — V,, then V; € S or a descendant of V; € S (all colliders
on the path are in S)

4. Vi>1IfV; - V,_yorV; = Vi1, then V; ¢ S (all non-colliders on the path are not in S)

Definition 1.2.6 Variable X is d-separated from variable Y given set S in a DAG G if there are no
active paths between X and Y given S. Variables that are not d-separated are said to be d-connected.



PC-Stable The PC algorithm assumes that the data were generated according to a DAG (ground-
truth). The original PC algorithm starts with a fully connected undirected graph. First, it iterates
through each edge (X-Y) in the graph and runs an unconditional independence test (X 1L Y | ) on
the two connected nodes. If the nodes are found to be independent, then the edge is immediately
removed. After it finishes removing all edges between variables which are independent conditioned
on the empty set (d = 0), d is incremented until d > the size of the full set of first neighbors. At each
d, it checks for conditional independence between all remaining pairs of adjacent variables given
all subsets of size d of the first neighbors of X and/or Y. When an edge (X-Y') is removed, the
conditioning set used to determine its independence is stored (Separating set or Sepset(X,Y)). Now
the graph contains only those edges present in the data generating DAG. The final step of PC is to
orient the direction of the remaining edges. First, for each edge that was removed, such as X-Y in
Figure 1, any variable Z, such that Z is adjacent to X and Y and is not in Sepset(X,Y), must be a
collider. This means that the direction of both edges must point to Z (X ->Z and Y -> Z) as in Figure
1. Then, if orienting an undirected edge would result in a new collider, the edge is oriented in the
reverse direction. Finally, if X -> Y, and Y ->Z, and X — Z, then the edge X-Z is oriented as X ->Z
to prevent the introduction of a cycle (a path from one variable back to itself)[19].

One of the problems with PC is that since edges are removed immediately after a conditional
independence is detected, the output graph depends on the order the algorithm tests the edges [3]]. To
correct this, PC-Stable removes the edges altogether after all tests of a given conditioning set size
(e.g., d = 1) are performed. This makes the algorithm independent of the order the edges are tested.

Mixed Graphical Models In this work we use a mixed graphical model (MGM) to efficiently
learn the moralized graph [[17,9]. MGM parameterizes the joint distribution of p continuous and ¢
categorical variables (Equation|[I). 35 represents the linear interaction between continuous variables
sand t. p,; is a vector of parameters relating categorical variable j to continuous variable s, with one
parameter for each category of j. Finally, ¢;; is a matrix representing the interactions between the
categories of categorical variables r and j. This model generalizes two graphical models: multivariate
Gaussian for continuous data, and pairwise Markov Random Field for categorical data.

P
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The parameters are optimized by minimizing the negative log-pseudolikelihood (I(©))[3]], the product
of conditional distributions, which are 1) multivariate Gaussian for continuous variables with a
mean given by a linear regression on all other variables and 2) Multinomial distribution for discrete
variables with probabilities given by a multi-class logistic regression on all other variables. To prevent
overfitting, the model includes sparsity penalties (Equation [2)).The graph is then formed from edges
with non-zero coefficients.
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In recent years, efficient methods have been developed for learning causal graphs, in which an
undirected graph is learned first and used as a skeleton on which conditional independence tests are
run locally. This reduces the overall running time from a globally exponential problem to a locally
exponential problem, compared to the original fully connected starting graph of PC.

2 Methods

2.1 Algorithms

We propose two new algorithms to improve performance of PC-Stable after the moralized graph has
been calculated: (1) Triangle, (2) Connected Neighbors.

Triangle The undirected “moralized” graph consists of two types of edges: 1) those in the ground
truth DAG and 2) edges between unconnected variables with a common child (colliders). Learning the
correct DAG means removing type-2 edges and hence properly orienting the colliders. These edges



Ground Truth Graph MGM Produced Moralized Graph Connected Neighbors Evaluating X--Y

Triangle Set of X

Figure 1: Example of MGM with Connected Neighbors. Ground-truth data generating DAG (left).
The data set generated by this ground truth graph is then run through MGM which generates the
moralized graph (center) with added edges due to moralization in blue (X-Y, G-H, D-Y). Connected
Neighbors and Triangle Sets of X and Y (right).

form "Triangles" in the moralized graph (e.g., X-Z-Y in Figure 1). Thus, our algorithm, Triangle,
initially determines such triangles by evaluating every edge (X-Y) in the graph and identifying
their common first neighbors (Z). Every shared first neighbor indicates the three edges involved
in a triangle (X-Y, X-Z, and Y-Z). Then, instead of iterating through all edges in the undirected
graph when performing conditional independence tests (as in PC-Stable), only edges that are part of
triangles are tested. Once one edge in a triangle is removed the other two are not tested unless they
are still involved in other triangles.

Connected Neighbors The second algorithm proposed, Connected Neighbors (CN) (Algorithm T,
leverages the fact that conditioning sets that may remove the edge X-Y need only contain neighbors
of X and Y that lie on an active path between X and Y. CN builds two sets for each variable of each
edge: 1) a triangle set Tri(X), Tri(Y) (Algorithm S1) and 2) a connected neighbors set CN(X,Y),
CN(Y,X) (Algorithm S2). Tri(X) includes all nodes involved in a triangle with X. CN(X,Y) is all
connected neighbors of X given Y (Definition 1.2). For example, Tri(X) for edge X-Y from Figure
would contain G, H, D, and Z while Tri(Y) would contain D, E, and Z. For the same edge, CN(X,Y)
contains only C and CN(Y,X) contains only F. Just like Triangle, the method iterates over all edges
involved in triangles and performs independence tests conditioned on the union of CN(X,Y) and
subsets of Tri(X) of increasing size and the union of CN(Y,X) and subsets of Tri(Y) of increasing
size. CN constrains the number of conditional independence tests by limiting the subset search to
only those variables involved in Triangles.

Both of these algorithms are "stable" in that the output is independent of the order the edges are
encountered and they follow the same procedure as PC-Stable for orientation.

2.2 Connected Neighbors Proof of Correctness

In this section, we show that the Connected Neighbors algorithm learns the correct causal DAG when
the moralized graph is correctly estimated and a conditional independence oracle is available.

Definition 2.2.1 The triangle set 7ri for a variable X in an undirected graph H (denoted
Tri(X,H)) is the set of variables Z s.t. VZ € Z, 3Y # X such that, Z7 € Adj (Y, H),
Y € Adj (X,H),and Z € Adj (X, H)

Definition 2.2.2 The connected neighbors CN (X, Y") of variable X given variable Y in an undi-
rected moralized graph H is the set of variables Z that satisfy the following conditions

1.VZe€Z Z ¢ Tri(X,H)
2.¥Z€Z,Z € Adj (X, H)
3. VZ € Z, Z is d-connected to Y given X

Lemma 2.2.1 Let G be a causal DAG and H be the undirected "moralized" version. If X €
Adj (Y,H) and Adj (X, H) N Adj (Y,H) = 0, then X € Adj (Y, Q)



Algorithm 1: Connected Neighbors

Input :An undirected moralized graph G = (V, E)

Output : DAG D
buildTriangleSet #Algorithm S1;
buildConnectedNeighborsSet #Algorithm S2;

while depth d < 1000 and the last iteration ran an independence test do
for edge e in triangleEdges do

x =nodel of e; y = node2 of e;

conditioningSet = (J;

for each possible combination of d elements in Tri(x), ¢ do
conditioningSet = ¢ U CN(z, y);

if x,y is independent conditioned on the conditioningSet then
Save the conditioningSet as the Separation Set;

Mark e for removal,

break;

end
end
if e has not been marked for removal then
for each possible combination of d elements in Tri(y), ¢ do
conditioningSet = ¢ U C' N (y, x);
if x,y is independent conditioned on the conditioningSet then
Mark e for removal,
break;
end
end

end

end

Remove all edges marked for removal from G and triangleEdges;
Update triangleSets, Tri, and CN accordingly;

d+=1

end
Run PC-Stable orientation steps ;

Proof. This is true by the connection between undirected and directed causal graphs. All edges in the
undirected graph are present in the directed graph except for those caused by moralization. Since X
and Y share no adjacent variables, they cannot be parents of a collider in G, and so the edge cannot
be due to moralization. O

Now, we have shown that the only independence tests that must be performed are on edges in triangles.
Next, we characterize which conditioning sets must be checked. We prove that our method identifies
a separating set for all pairs of variables connected by moralization.

Theorem 2.2.1 If X and Y are d-separated given some set S but adjacent in a moralized graph H
then they are d-separated given some {T C T (X)}UCN (X,Y)or {T C Tri(Y)}UCN (Y, X)

Proof. Let G be the unknown DAG corresponding to the moralized graph H. First, we will show
that we will eventually find a choice for T that blocks all active paths between X and Y, then we
will show that adding the remaining connected neighbors does not activate new paths. For the first
part of the proof we consider two possibilities: X is or is not a descendant of Y in G.

Case 1: X is not a descendant of Y in G If X is not a descendant of Y in G, then X is d-separated
from Y given Pa(Y,G). If |Pa(Y, G)| > 1, then Pa(Y,G) C Tri(Y, H) (because they all collide
atY). So we can choose T to be equal to Pa(Y, G). We address the case where |Pa(Y, G)| = 1. We
show that either this single parent is in C N (Y, X) or X and Y are d-separated given the empty set.
We do this via the following lemma.



Lemma 2.2.2 Let P be the single parent of Y in G. If X and Y are adjacent in the moralized graph,
X is not a descendant of Y, Y has one parent, and X and Y are d-separated given some set S, then

1. f P e CN(Y, X), then X and Y are d-separated by P
2. If P ¢ CN(Y, X), then X and Y are d-separated by ()

Proof of Lemma 2.2.2. Assume X and Y are not d-separated by P and P € CN(Y, X). Since
P € CN(Y,X), Pis d-connected to X given Y. Since X and Y are not d-separated by P, there
must be a path between X and Y where all colliders on the path are ancestors of P in G.

Either this path goes through P or a child of Y. If the path goes through a child of Y, then
it must contain a collider (since X is not a descendant of Y). Call the first collider on this path
C1 — C2 + (3. Since the path is active conditioned on P, C2 must be an ancestor of P. But
then this createsacycleY — ...C1 — C2 — ... — P — Y. So this path does not go through a
child of Y. Then this path must go through P; however, this path must be inactive conditioned on P
because P cannot be a collider on this path (as it is a parent of Y)).

Assume P ¢ CN(Y,X) and X and Y are d-connected given (). If X and Y are d-connected given 0,
then there is a path between them that contains no colliders. Assume that this path goes through P.
Then, there must be a path between P and X with no colliders. Then, P € CN (Y, X. Assume that
this path goes through a child C'. Then, X must be a descendant of Y in G' (which is a contradiction)
Or this path must have a collider.

Case 2: X is a descendant of Y in G If X is a descendant of Y, we can apply the same argument
(but flip X and Y), since X is d-separated from Y given Pa(X, Q).

O

Now, we know that by conditioning on the connected neighbor set and some subset of the Triangle
set we will eventually condition on all parents of Y, and d-separate X and Y. But how do we know
that we do not condition on a connected neighbor that activates a path to Y'?

Lemma 2.2.3 If X and Y are d-separated given Pa (Y, G) and X is not a descendant of Y in G,
then they are d-separated given Pa (Y,G) UCN (Y, X)

Proof of Lemma 2.2.3. Note that CN (Y, X) can only consist of children of Y in G and not spouses,
because all spouses would be involved in triangles in the moralized graph (and thus be a part of
Tri (Y, H)). First, we note that all paths Y — Pa (Y, G) — ... — X are blocked because Pa (Y, G)
are conditioned upon and are non-colliders (otherwise they would be in T'7i(Y, H)). Thus, we only
consider paths through the children of Y in G.

Assume apath Y — Cy — ... — X is active conditioned on Pa (Y,G) UCN (Y, X). Assume C' is
a collider on this path. C} is not conditioned on since C; € Tri(Y, H), so this path is inactive unless
a descendant of C; is conditioned on. We know that any parent of Y cannot be a descendant of C
due to acyclicity. So a child of Y (call it C*) that is in CN (Y, X)) must be a descendant of C. This
is impossible because then there would be a collider at C* and it would be included in T'ri (Y, H).

Now, assume C' is not a collider on this path. There must be at least one collider on this path,
otherwise X is a descendant of Y in . Consider the first collider on this path from Y to X
Ay — Ay + As. A nor any descendant can be a parent of Y to avoid acyclicity. Thus, As or some
descendant must be a connected neighbor child of Y. Again, this would result in a collider at that
child, preventing it from being in CN (Y, X), as it would be in T'ri(Y, H) instead.

So this path must not exist, which implies that there are no active paths between X and Y. [

By the previous lemma, we know that our algorithm eventually conditions on the set Pa (Y, G) U
CN (Y, X). Thus, our algorithm removes any edge that has some separating set given a conditional
independence oracle and a correct moralized graph. O
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Figure 2: Adjacency Precision-Recall curves where each point represents the average precision/recall
values across all 50 graphs at each A (0.2, 0.3, 0.4, 0.6, 0.8) alpha (0.0001, 0.001, 0.01, 0.05, 0.1) pair
for PC-Stable, CN, and Triangle vs each penalty discount (0.5, 1, 2, 4, 8) for FGES. All results from
100 variable ground truth DAGs with node degree fixed at 4 and sample size varied (a) 100 samples,
(b) 500 samples, (c) 5000 samples.

2.3 Experiments

For simulation studies, 50 DAGs were randomly generated for various combinations of experimental
parameters using the TETRAD software [15]]. These parameters included number of nodes in the
graph: (50,100, 500) and average degree: (2,4, 6). Each graph consisted of 50% continuous and
50% discrete variables (with 2-5 categories, chosen uniformly at random for each variable). Each
node had a max in and out degree of 10. 5000 samples were generated for each graph using the Lee
and Hastie simulator [9] and then subsampled to create 500 and 100 sample datasets.

MGM]16] ran on each simulated dataset to estimate the undirected, moralized graph. Penalty
parameters (\) varied: (0.2,0.3,0.4,0.6,0.8) with equal values for each edge type. PC-Stable,
Triangle, and CN started with the estimated moralized graph (instead of the full graph) and ran
across multiple independence test thresholds () (1 % 10~*, 1% 1072,0.01,0.05,0.1). FGES started
with the empty graph and ran over multiple penalty discounts (0.5, 1,2,4,8). A likelihood ratio
independence test for mixed data was used for all experimental runs [L6]. Runtime (in ms) for each
algorithm was recorded, and the Markov Equivalence Class of the output graph was compared to
Markov Equivalence Class of the ground truth graphs to determine accuracy. While the analysis
could have been done using the known moralized graph instead of MGM, the use of MGM provides
a more practical evaluation as the moralized graph must be learned from data. All simulations were
run on Intel Xeon Gold processors with 16 cores and 32 GB of RAM.



3 Results

3.1 Accuracy

Various metrics were used to evaluate the accuracy of the graphs produced by each algorithm
compared to the Markov Equivalence Class of the ground truth DAG. These include: adjacency and
orientation precision and recall, and the structural hamming distance (SHD) [21]. SHD identifies the
number of changes (edge flips, insertions, or deletions) that are needed to transform the learned DAG
to the data-generating DAG.

In terms of SHD, all constraint-based algorithms performed similarly at higher sample sizes across
different numbers of variables and node degrees. CN performed worse in small sample sizes and
low X (Figures S1-S14). FGES consistently performed the same or worse than the constraint-based
algorithms in terms of SHD (Figures S1-S14). CN showed a loss in orientation precision at smaller A
(denser graphs) compared to Triangle and PC-Stable, which perform similarly to each other (Figures
S15-S28). Overall, the orientation precision and recall of CN across e and A values is more consistent
than that of PC-Stable and Triangle. All of the constraint-based algorithms perform worse than FGES
in orientation recall as sample size increases (Figures S15-S28).

However, there were larger differences between algorithms for adjacency precision and recall. When
comparing the constraint-based methods to FGES, we found that the constraint-based methods
generally have a higher precision and lower recall (Figure[2] S29-S39), as seen by others [11]]. As
sample size increases, the constraint-based algorithms perform worse in recall than FGES (Figure 2).
While the methods use different sets of parameters (« independence test threshold for constraint-
based methods; penalty discount for FGES), generally the precision/recall curve across multiple
parameters are much tighter for constraint-based methods. Therefore, these constraint based methods
are insensitive to parameter selection at higher sample sizes (Figure[2] B,C). Additionally, CN is even
less sensitive to changes in « especially at lower A\ values. When comparing the constraint-based
methods, PC-Stable and Triangle have practically identical recall and precision that follow the same
trends across different parameter sets. CN follows similar trends with no change in recall but a loss
of precision that decreases as sample size increases (Figure [2). These trends in adjacency precision
and recall hold across varying graph sizes and densities (Figures S29-S39).

3.2 Efficiency

Runtime (wall clock time in ms) was measured for each algorithm, excluding the time for the
estimation of the moralized undirected graph, in order to focus on the difference between the
efficiency of the algorithms. FGES was excluded from runtime experiments as it is parallelized and
the sparsity parameters are not directly comparable. PC-Stable and Triangle performed similarly and
consistently across all experimental parameters (number of variables, sample size, density) (S40-548).
CN is slower than other constraint-based methods at low sample sizes but faster at high sample
sizes (Figure 3| A,C,B). Additionally, the improvement of CN over PC-Stable and Triangle is more
pronounced as graph density increases (i.e. lower A for MGM, higher degree) (Figure[3|D,C.E).

4 Discussion

We introduce two new methods for constraint-based causal discovery, Triangle and CN, that are
theoretically correct when the moralized graph is known. We find a minor runtime improvement by
limiting independence tests to edges involved in triangles. Triangle and CN have similar accuracy to
PC-Stable, as expected, since additional tests by PC-Stable should not remove other edges.

The CN algorithm has initial runtime overhead as it runs independence tests to build the connected
neighbor conditioning sets. For small/sparse graphs, the added preparation time upfront is significant
in comparison to the relatively small number of independence tests that need to be performed to
remove edges. In denser graphs, this initial cost becomes insignificant compared to the time saved
during the later phase of the algorithm.

We notice a consistent, small loss of precision in CN compared to PC-Stable or Triangle. This may
be due to the fact that CN needs to perform order 2 conditional independence tests to identify the
connected neighbor sets, and higher order conditional independence tests in the second phase since
it always includes the Connected Neighbors in the conditioning set. These high-order tests may



Figure 3: Runtime results with 100 variable ground truth DAGs. Node degree was fixed at 4 and
sample size varied from (a) 100 samples, (c) 500 samples, (b) 5000 samples. In addition, sample size
was held fixed at 500 and node degree varied from (d) 2, (c) 4, (e) 6.

be underpowered in small sample sizes, resulting in smaller connected neighbor sets than would
be expected theoretically. Since recall appears to be unaffected, the main issue is most likely in
the construction of the connected neighbor sets and not the search procedure for a separating set.
Nevertheless, the loss of precision is small and for large datasets (high sample size or graph degree),
CN can act as an efficient alternative to PC-Stable.

Future directions include the application and evaluation of this approach to other constraint-based
methods such as other variants of PC, CPC, FCI, etc. Also, parallelizing CN could show even larger
improvement in algorithm efficiency. Lastly, further reductions in conditioning sets or edges may be
possible when starting with a moralized graph to improve runtime without losing precision.

Broader Impact

This paper presents a theoretical approach to causal discovery. The approach proposed improves on
an existing algorithm, and therefore does not generally have major benefits, disadvantages, or biases
not already assumed by the original method. Generally, causal discovery algorithms may benefit
researchers in all fields by prioritizing promising hypotheses. However, failure of these algorithms
may result in loss of efficiency, and waste of resources. Biases in the data may be reflected in learnt
causal graphs and must be dealt with accordingly. Subsequent prediction models based on causal
graphs may result in biased decision making if not carefully considered.
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